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(57) ABSTRACT 
The disclosure provides a robotic arm controller which 
determines a control parameter for at least one actuator 
comprising the robotic arm using a control equation having 
the general form Ax=b, where A is a transformation matrix 
A based on the geometry and Jacobian of the robotic arm, x 
is the control parameter x such as a torque vector at a specific 
joint, and b is the end effector parameter b which specifies 
a desired corrective state of the end effector. The method-
ology, by way of constructing and solving an unscented 
optimization problem, provides a solution to the Ax=b 
problem by perturbing at least one joint angle appearing in 
the Jacobian to generate a plurality of distributed joint 
angles, determining a control parameter x which minimizes 
an error function. In a particular embodiment, the error 
function is sum of residual squares, and the appropriate 
control parameter x is determined by minimizing the error 
function subject to a series of constraints A,x-b-z,=O, where 
each constraint arises by virtue of the error generated 
through use of a given joint angle in the plurality of 
distributed joint angles selected. 
20 Claims, 9 Drawing Sheets 
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UNSCENTED OPTIMIZATION AND 
CONTROL ALLOCATION 
RELATION TO OTHER APPLICATIONS 
This patent application claims priority from provisional 
patent application 62/191,568 filed Jul. 13, 2015, which is 
hereby incorporated by reference in its entirety. 
FIELD OF THE INVENTION 
One or more embodiments relates to an apparatus and 
method for control of a robotic arm through utilization of a 
manipulator Jacobian for transformations between opera-
tional and task spaces. 
BACKGROUND 
In the art of robotics, the term generalized coordinates 
refers to a characterization of the system that uniquely 
defines its configuration. For example, in a two-link planar 
manipulator, the robot has two degrees-of-freedom (DOF) 
so two joint variables, 81 and 82 , can be referred to as 
generalized coordinates as these variables and may be used 
to define the position of the robot. Thus, control of the 
position of the end-effector of the manipulator may be done 
in the joint space since with the knowledge of each joint 
angle, the position of the end-effector may be determined. 
2 
tions and setting the commended force in those directions 
equal to zero. Generally, by identifying degenerate direc-
tions appropriately, it is possible to compute control param-
eters such as a control torque vector that allows the manipu-
lator to pass through the singular configuration and complete 
a desired task. However, typically when the manipulator 
operates near a singular configuration, the values of control 
parameters such as computed control torques can change 
sharply and suddenly. These sudden changes in control 
10 parameters can excite vibrational modes in manipulator 
links and potentially reduce the accuracy of the robotic 
control system. In addition, suddenly changing the control 
torque command may be damaging to the joint actuators. It 
is therefore advantageous to develop control methodologies 
15 that avoid sudden and sharp changes in the manipulator 
control torques. 
Disclosed here is a means for mitigating this issue by 
generating control parameters based using a plurality of 
distributed joint angles having a distribution generally about 
20 a given joint angle in a robotic manipulator. The disclosed 
controller determines and communicates control parameters 
to at least one actuator in order to generate motion of the 
robotic arm and displacement of the end effector in a manner 
that mitigates the sharp and sudden changes in commanded 
25 control parameters associated with the currently utilized 
methods. The method is particularly useful when applied in 
the neighborhood of joint angles generating a singular 
Jacobian. 
In practice, it is often the case that the desired position of 
the end-effector is given in terms of an operation space also 30 
known to those of skill in the art as a task space. For the 
two-link planar robotic manipulator an example of an opera-
tion space is the Cartesian coordinate system defining a 
plane of operation of the robot. An operator of a robot may 
require that the end-effector be moved to a specific point, 35 
P(x, y), in order to perform a task, such as placing a spot 
weld, or picking a part on an assembly line. Defining the 
position of the robot in the Cartesian coordinate system is 
advantageous for an operator of the robot. However, a 
description of the point P(x, y) does not uniquely define the 40 
configuration of a robotic arm in terms of the joint variables. 
These and other objects, aspects, and advantages of the 
present disclosure will become better understood with ref-
erence to the accompanying description and claims. 
SUMMARY 
The disclosure provides a robotic arm controller evaluat-
ing a feedback equation to determine an end effector param-
eter necessary for correction of positional or other errors 
associated with the performance of an operational task. The 
controller determines a control parameter x for at least one 
actuator based on the discrepancy indicated by utilizing a 
control equation having the general form Ax=b, where A is 
a transformation matrix A based on the geometry and a 
manipulator Jacobian of the robotic arm, x is the control 
parameter x such as a torque vector at a specific joint in a 
joint space, and b is the end effector parameter b which 
specifies a desired corrective state of the end effector based 
on evaluation of the feedback equation, such as a command 
acceleration given in an operation space. The novel meth-
odology differs from current control schemes in that a 
solution to the Ax=b problem is determined by perturbing at 
least one joint angle appearing in the Jacobian of the robotic 
arm to generate a plurality of distributed joint angles, with 
the result that each resulting perturbed joint angle generates 
an error, z, when utilized in the Ax=b control relationship so 
As is understood, a two-link planar manipulator can reach 
the same point P(x, y) using two different configurations: an 
elbow-up configuration or an elbow-down configuration. A 
manipulator with redundant degrees-of-freedom may have 45 
more than two configurations that allow the manipulator to 
reach the same point in an operation space further compli-
cating the choice of a robot joint configuration that should be 
used to perform a task. Because an operation space may not 
uniquely define a configuration of a robotic arm, joint space 50 
control, i.e. control of the robot joint variables 81 and 82 , 
cannot be readily performed. This is because it may not be 
obvious how to specify a joint space trajectory for each of 
the manipulator's joints to control the position of the end-
effector. 55 that the solution Ax=b+z is obtained. The methodology 
disclosed then determines the control parameter x by deter-
mining a value for the control parameter x which minimizes 
an error function, where the error function comprises each 
error generated by each joint angle in the selected plurality 
A fundamental challenge associated with operation space 
control as described is the fact that the rows of the Jacobian 
J(q) may lose rank (become singular). In this case, it is not 
possible to compute a control vector in the joint space that 
produces the necessary operation space forces. A two-link 
planar manipulator has a singular Jacobian when 82=0 and 
when 82 =Jt. In these cases, the two links of the manipulator 
are co-linear and forces cannot be produced in the degen-
erate direction. This implies that there is no combination of 
joint torques, i:8 , that can produce a desired force vector, F x· 
One approach for circumventing the problem is to detect the 
potential for singularities by identifying degenerate direc-
60 of distributed joint angles. In a particular embodiment, the 
error function is a sum of residual squares, an L1 norm, or 
infinity norm, and the appropriate control parameter x is 
determined by minimizing the error function subject to a 
series of constraints A,x-b-z,=O, where each constraint 
65 arises by virtue of the error generated through use of a given 
joint angle in the plurality of distributed joint angles 
selected. 
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In a particular embodiment, the plurality of distributed 
joint angles evaluated is determined by sensing an actual 
joint angle of the robotic arm and utilizing a Gaussian or 
uniform probability function parameterized by mean and 
variance(µ, o 2 ) or any other probability function selected by 
a user of the invention. In another embodiment, the plurality 
4 
of distributed joint angles evaluated are sigma points of the 
Gaussian or uniform probability function (µ, o 2 ) or other 
probability function. The control equation may be evaluated 
and the plurality of distributed joint angles selected by a 10 
processor in a substantially continuous fashion based on the 
sampling frequency of a feedback compensator, or may be 
employed only within a neighborhood around specific joint 
angles. The controller acts to generate motion of the robotic 
arm and displacement of the end effector in a manner that 15 
mitigates sharp and sudden changes in commanded control 
parameters associated with currently utilized methods, and 
a robotic arm from an initial point to a subsequent point. The 
robotic arm comprises a plurality of joined linkages and 
typically exhibits multiple joint angles during transit of the 
end effector, and further comprises a group of at least one 
actuator attached to the robotic arm and configured to 
generate motion of at least one of the plurality of links and 
a group of sensors providing at least one joint angle estab-
lished by the robotic arm. The robotic arm controller addi-
tionally comprises a processor in communication with the 
group of actuators and the group of sensors. 
A particular embodiment of the robotic arm controller is 
shown at FIG. 1. FIG. 1 illustrates a particular robotic arm 
controller 100 having a robotic arm comprising a plurality of 
links such as link 101 and link 102 and an end effector 103, 
a group of sensors comprising for example, sensor 104 and 
sensor 105, a group of actuators for example actuator 106 
and actuator 107, and a processor 108. Processor 108 is in 
communication with the group of sensors and the group of 
actuators at for example 109 and 110. In the embodiment of 
is particularly useful when applied in the neighborhood of 
joint angles generating a singular Jacobian. 
The novel apparatus and principles of operation are 20 
further discussed in the following description. 
FIG. 1, links 101and102 and are connected by joint 111 and 
establishes joint angle and 82 as indicated, and link 101 is 
connected to fixed foundation 112 by joint 113 and estab-
lishes joint angle 81 as indicated. As is understood, kine-
matics may be employed to determine positions of an end 
effector such as end effector 103 from specified values for 
the joint parameters such as 81 and 82 , and manipulator 
BRIEF DESCRIPTION OF THE DRAWINGS 
FIG. 1 illustrates an embodiment of the robotic arm 25 
controller. 
FIG. 2 illustrates another embodiment of the robotic arm 
controller. 
FIG. 3 illustrates end effector and linkage positions in the 
absence of the disclosed robotic arm controller during an 
end effector transit. 
FIG. 4 illustrates resulting joint angles in the absence of 
the disclosed robotic arm controller during an end effector 
transit. 
FIG. 5 illustrates resulting joint torques in the absence of 
the disclosed robotic arm controller during an end effector 
transit. 
FIG. 6 illustrates end effector and linkage positions gen-
erated by the disclosed robotic arm controller during an end 
effector transit. 
FIG. 7 illustrates resulting joint angles generated by the 
disclosed robotic arm controller during an end effector 
transit. 
FIG. 8 illustrates resulting joint torques generated by the 
disclosed robotic arm controller during an end effector 
transit. 
FIG. 9 illustrates a solution for the control allocation 
method. 
Embodiments in accordance with the invention are further 
described herein with reference to the drawings. 
DETAILED DESCRIPTION OF THE 
INVENTION 
The following description is provided to enable any 
person skilled in the art to use the invention and sets forth 
the best mode contemplated by the inventor for carrying out 
the invention. Various modifications, however, will remain 
readily apparent to those skilled in the art, since the prin-
ciples of the present invention are defined herein specifically 
to provide a robotic arm controller which determines a 
control parameter through minimization of an error function 
subject to a series of constraints arising through evaluation 
of a plurality of distributed joint angles generally distributed 
about a given joint angle. 
The disclosure provides a robotic arm controller which 
determines a control parameter for moving an end effector of 
Jacobians may be utilized to effect a transformation from an 
operation (task) space such as that defined by the x and y 
axes of FIG. 1 to a configuration Goint) space such as that 
30 defined by 81 and 82 . See e.g., Sam Cubero, Industrial 
Robotics: Theory, Modeling, and Control (2006), among 
many others. 
Processor 108 of the robotic arm controller operates by 
utilizing a feedback equation comparing an actual position 
35 of end effector 103 to a desired position of end effector 103, 
where the desired position is based on a proposed transit of 
end effector 103 from, for example, some initial point to 
some subsequent point. For example, the feedback equation 
might take a form xdesCt)=Kp(xdesCt)-x(t)) where xdesCt) is a 
40 desired position of end effector 103 at a time t and x(t) is an 
actual position of end effector 103 at time t. Processor 108 
evaluates the feedback equation to determine an end effector 
parameter b necessary for correction, and then determines a 
control parameter x for at least one actuator based on the 
45 discrepancy indicated by utilizing the novel methodology 
disclosed. For example referring to the feedback equation 
given above an end effector parameter for correction is given 
by xdesCt) where a control parameter x for at least one 
actuator can be a torque command or an electrical current 
50 command or a reference voltage command or any other 
suitable input to the at least one actuator. 
The control parameter x is determined by a novel solution 
methodology applied to a control allocation equation having 
the general form Ax=b, where A is a transformation matrix 
55 based on the geometry and Jacobian of the robotic arm, xis 
a control parameter x such as a torque vector at a specific 
joint, and b is the end effector parameter b which specifies 
a desired corrective state of the end effector based on 
evaluation of a feedback equation. For example, the end 
60 effector parameter b might be an acceleration vector desired 
at the end effector as a correction based on the feedback 
equation at a given point in time, and solution of the control 
equation might provide a torque vector as the control 
parameter x, to be generated by an actuator at a specific joint 
65 within the robotic arm in order to generate the desired 
acceleration vector. The novel methodology differs from 
current control schemes in that a solution to the Ax=b 
US 10,065,312 Bl 
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problem is determined by perturbing at least one joint angle 
appearing in the Jacobian of the robotic arm to generate a 
plurality of distributed joint angles which in turn generates 
a plurality of specific transformation matrices A,, with the 
result that each resulting joint angle generates an error when 
utilized in an A
0
x=b control relationship, where A0 is a 
transformation matrix resulting from the unperturbed joint 
angle(s) and xis a given solution of the control equation. In 
an embodiment, A
0 
comprises a manipulator Jacobian, as 
discussed below. In another embodiment, A
0 
comprises at 
least one parameter having a value dependent on the value 
of a joint angle of the robotic arm. The methodology 
disclosed then determines the control parameter x by deter-
mining a value for the control parameter x which minimizes 
an error function, where the error function comprises each 
error generated by each joint angle in the selected plurality 
of distributed joint angles. In an embodiment, the error 
function is such that the absolute value of the error function 
decreases as a summation of the individual errors compris-
ing the error function decreases. In a particular embodiment, 
the error function is sum of residual squares, an L1 norm, or 
infinity norm. In a further embodiment, the appropriate 
control parameter x is determined by minimizing the error 
function subject to a series of constraints A,x-b-z,=O, where 
each constraint arises by virtue of the error generated 
through use of a given joint angle in the plurality of 
distributed joint angles selected. 
The robotic arm controller of the disclosed methodology 
acts to mitigate sudden and sharp changes in the control 
parameter x as the end effector transits from some initial 
point to a subsequent point. As discussed, processor 108 is 
in communication with one or more sensors in order to 
determine an actual position of the end effector at a given 
point in time, and additionally in order to evaluate the 
feedback equation using the actual position and a desired 
position for determination of the end effector parameter b 
necessary for correction. The processor senses at least one 
joint angle established by the robotic arm, and determines a 
prospective control parameter x by selecting a plurality of 
distributed joint angles having a distribution generally about 
the sensed joint angle. The processor utilizes this plurality of 
distributed joint angles to define an error z, for each joint 
angle based on the Ax=b control equation, so that generally 
A,x-b=z, or stated equivalently A,x-b-z,=O. Here, A, is a 
specific transformation matrix A, resulting when a given 
joint angle from the plurality of distributed joint angles is 
utilized in the transformation matrix A, and as before, b is 
the end effector parameter b necessary for correction based 
on evaluation of the feedback equation. The processor 
subsequently utilizes the A,x-b-z,=O expressions formu-
lated for each joint angle in the plurality of distributed joint 
angles as a series of constraints. The processor additionally 
evaluates an error function comprising each of the errors z, 
in the plurality of errors. In a particular embodiment, the 
error function is a residual sum of squares. The processor 
acts to determine the prospective control parameter x by 
minimizing the error function, subject to each constraint 
A,x-b-z,=O comprising the series of constraints. Following 
the minimization operation and determination of the pro-
spective control parameter x, the processor communicates 
the prospective control parameter x to at least one actuator 
in the group of actuators in order to generate motion of the 
robotic arm and displacement of the end effector. 
In a particular embodiment, the plurality of distributed 
joint angles selected by processor 108 for evaluation are 
determined by sensing an actual joint angle of the robotic 
arm and utilizing a Gaussian or uniform probability function 
6 
having parameters (µ, er), where the µ is the actual joint 
angle and the o is a standard deviation. In an embodiment, 
the standard deviation is less than or equal to about 20 
degrees, in another embodiment, less than or equal to 10 
degrees, and in a further embodiment less than or equal to 
5 degrees. Each specific joint angle in the plurality of 
distributed joint angles satisfies a relationship 0.8s8/ 
8Msl.2, where the 8 is the each specific joint angle in the 
selected plurality of distributed joint angles, and the 8 Mis an 
10 angle on the probability function (µ, er). In a particular 
embodiment, 0.9s8/8Msl.1, and in a further embodiment, 
0.95s8/8Msl .05. In another embodiment, each 8Mis a sigma 
point of the probability function (µ, o 2 ). As is understood, 
sigma points (and their associated weights) describe a col-
15 lection of points and weights in a distribution where, if 
treated as elements of a discrete probability distribution, 
weighted sums of the sigma points can be constructed to 
reflect a mean and variance equal to the given mean and 
variance of the probability function (µ, o 2 ). See e.g., Julier 
20 et al., "A new approach for filtering nonlinear systems," 
Proceedings of the American Control Conference 3 (1995); 
see also Julier et al., "Unscented Filtering and Nonlinear 
Estimation," Proceedings of the IEEE 92(3) (2004); see also 
Julier et al, "The Spherical Simplex Unscented Transforma-
25 tion," Proceedings of the American Control Conference 
(2003), among others. 
The feedback equation may be evaluated and a plurality 
of distributed joint angles selected by processor 108 in a 
substantially continuous fashion based on the sampling 
30 frequency of a feedback network, or may be employed only 
within a neighborhood around specific joint angles that 
produce or approach singularities of the transformation 
matrix A, or some combination therein. Specific values or 
ranges of a plurality of distributed joint angles utilized are 
35 typically not a strict limitation within this disclosure. 
In a particular embodiment, the robotic control system 
comprises a robotic arm comprising a plurality of links and 
an end effector, a group of sensors providing at least one 
joint angle established by the robotic arm, and a processor 
40 in communication with the group of sensors and the group 
of actuators. The processor is configured to determine an 
actual position of the end effector at a given time t and a 
desired position of the end effector at a given time t, and 
evaluate a feedback equation comprising the desired posi-
45 tion and the actual position in order to determine an end 
effector parameter b, where the end effector parameter b 
describes a condition at the end effector of the robotic arm. 
The feedback equation might be for example an equation 
having the form xde/t)=KP(xde/t)-x(t)) and the end effector 
50 parameter b might be for example a desired acceleration at 
the end effector, as previously discussed. The processor 
determines a prospective control parameter for at least one 
actuator in the robotic arm by selecting a plurality of 
distributed joint angles and minimizing an error function. 
55 The plurality of distributed joint angles are typically dis-
tributed about the value of a given joint angle of the robotic 
arm. The processor then determines a control parameter x to 
be applied to the given joint angle by minimizing an error 
function. The error function comprises a plurality of errors, 
60 where each error arises as each specific joint angle in the 
plurality of distributed joint angles is utilized in the trans-
formation matrix A in an Ax=b control equation. The appro-
priate control parameter x is selected as the prospective 
control parameter x which minimizes the error function, 
65 subject to the constraints provided. For example, the appro-
priate control parameter x might be the control parameter x 
which minimizes an error function such as a residual sum of 
US 10,065,312 Bl 
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squares, subject to a series of constraints having the form 
A,x-b-z,=O, where A, is a specific transformation matrix A, 
which arises for each specific joint angle within the plurality 
of distributed joint angles, and which results when the 
specific joint angle is utilized in the transformation matrix A. 
Following the minimization and determination of the control 
parameter x, the control parameter x is communicated to an 
actuator of the robotic arm. 
The robotic arm controller generally utilizes manipulator 
Jacobians in order to determine the prospective control 
parameter x communicated to the at least one actuator. As is 
understood, manipulator Jacobians may be utilized to effect 
a transformation from an operation (task) space such as that 
defined by the x and y axes of FIG. 1 to a configuration 
(joint) space such as that defined by 81 and 82 . The Jacobians 
define the dynamic relationships between two different 
representations of a given robotic system. A Jacobian matrix 
is defined as the partial differential equation: 
ax 
J(q) = aq (0.1) 
where x is a vector of operation space coordinates and q 
is a vector of configuration space variables. For example, for 
a two-link planar robotic arm, x=[x, y]r may represent the 
Cartesian coordinates of the end-effector 103 according to 
the x and y axes shown and q=[8 1 , 82]r may represent the 
joint angles 81 and 82 of the configuration space. The 
elements of the Jacobian matrix relate the change in the 
value of an element of the vector x to a change in the value 
of an element in the vector q. Referring to FIG. 1, the 
relationship between the (x, y) position (operation space) of 
end effector 103 and the (8 1 , 82 ) joint angles (configuration 
space) when link 101 and link 102 have lengths 11 and 12 
respectively is given as: 
x=l 1 cos(8 1)+12 cos(8 1 +82) 
8 
is no combination of joint torques, i:8 , that can produce the 
desired force vector, F x· One approach for circumventing the 
matrix inversion problem is to detect the potential for 
singularities by identifying degenerate directions and setting 
the commended force in those directions equal to zero. 
Generally, by identifying degenerate directions appropri-
ately, it is possible to compute control parameters such as a 
control torque vector that allows the manipulator to pass 
through the singular angle and complete the desired task. 
10 However, typically when the manipulator operates near a 
singular region, the values of control parameters such as 
computed control torques can change sharply and suddenly. 
These sudden changes in control parameters can excite 
vibrational modes in manipulator links and potentially 
15 reduce the accuracy of the robotic position control system. 
In addition, suddenly changing the control torque command 
may be damaging to the joint actuators and should therefore 
be avoided where possible. It is therefore advantageous to 
develop methods that avoid sudden and sharp changes in the 
20 manipulator control torques. 
The disclosure herein provides a means for mitigating this 
issue by generating control parameters based on the previ-
ously discussed methodology, where for a given joint angle 
in the robotic arm, a plurality of distributed joint angles 
25 having a distribution generally about the joint angle is 
determined and typically based on the probability function 
(µ,er), whereµ is the given joint angle and the a is typically 
a user selected variance of a given probability function. 
More typically, the plurality of distributed joint angles have 
30 a relationship to a set of sigma points for the probability 
function (µ, a2 ), as discussed. By utilizing the errors asso-
ciated with specific transformation matrices A, for each joint 
angle as constraints in a minimization of an error function 
comprising those errors, the controller determines and com-
35 municates control parameters to at least one actuator in the 
group of actuators in order to generate motion of the robotic 
arm and displacement of the end effector in a manner that 
mitigates the sharp and sudden changes in commanded 
(0.2) 40 
control parameters associated with the currently utilized 
methods. The method is particularly useful when applied in 
the neighborhood of joint angles generating a singular Following from (0.1) and (0.2), the end-effector Jacobian 
for the two-link planar manipulator of FIG. 1 is Jacobian. 
Exemplary operations of the robotic arm controller are 
further discussed in the specific embodiment below. 
(0.3) 45 
Description of a Specific Embodiment 
The Jacobian matrix can also be used to transform any 
other variables or control parameters given in terms of the 
generalized variables into the operation space (or vice-versa 
by applying the necessary linear algebra). For example, the 
relationship between controllable joint torques, i:, given in 
the configuration space and controllable end-effector forces, 
f, given in the operation space is 
Fx =J(q)<s (0.4) 
where Fx=[fx, fyf· Subscripts, x and 8, are used in (0.4) 
to denote the space (operation space and configuration 
space, respectively) for clarity. 
One exemplary task is typically to move an end-effector 
from one location to another. A non-limiting approach for 
50 generating an exemplary task trajectory is to implement a 
feedback equation comprising the desired position and the 
actual position of the end effector, such as: 
xde,(t)~KP(xde,(t)-x(t)) (0.5) 
where xdesCt)=[xdesCt), Ydes(t)f denotes the desired posi-
55 tion of the end effector at a time t, x(t)=[x(t), y(t)f denotes 
the actual position of the end effector at a time t, and KP is 
a proportional gain factor that may be a constant or time-
varying. Other variations of (0.5) are possible, for example, 
xdesCt)=Kp(xdesCt)-x(t))+KnC*-des-x) where Kn is a so-called 
60 derivate gain and the dot notation implies time differentia-
tion of a given signal. Referring back to (0.5), the forces 
necessary in the operation space to effect the desired accel-
eration, xdesCt), are (following Newton's law) 
As is understood, a fundamental challenge associated 
with operation space control as described herein is the fact 
that the rows of the Jacobian J(q) may lose rank (become 
singular). A two-link planar manipulator has a singular 
Jacobian when 82 =0 and when 82 =Jt. In these cases, the two 65 
links of the manipulator are co-linear and forces cannot be 
produced in the degenerate direction. This implies that there 
(0.6) 
where Mx( q) is an end-effector inertia matrix defined in an 
operation space. 
US 10,065,312 Bl 
9 
Substituting (0.4) into (0.6) and rearranging gives the 
control torques as 
(0.7) 
10 
gain, Kp) to give a desired acceleration vector, xdesCt), at 
207. The desired acceleration vector at 207 is then processed 
by an operation space control logic, e.g. (0.17), at 208 to 
A necessary matrix, Mx(q) may be derived by first con- 5 
sidering the dynamics of the manipulator which are given in 
terms of the generalized variables, q, and their time deriva-
provide a vector of joint space control torques, i:8 (t), at 209 
that may be applied to control a robot manipulator 210. A 
stabilizing feedback loop comprising rate compensator 211 
that takes one or more of the robot joint angles, joint angle 
rates, or joint angle accelerations at 205 as inputs is also 
shown in FIG. 2. This minor loop may be used advanta-
tives as 
M(q)ij+C(q, if)i1=uq (0.8) 
where matrix M( q) is the manipulator inertia matrix, 
matrix C( q, q) is the matrix of centripetal and Coriolis terms, 
and vector uq is the vector of generalized input forces. For 
the two-link manipulator of FIG. 1 (where subscript 1 




10 geously to provide an electronic damping signal at 212 that 
may be added (or subtracted as shown) to a vector of joint 
space control torques at 209 to enhance the transient per-
formance of the joint space control logic. At FIG. 2, the input 
213 to robot manipulator 210 might be vector of input forces 
15 Uq(t) with robot manipulator itself 210 performing motion 
that is consistent with the dynamical model M(q)q+C(q, 
q)q=Uq. 
Referring to FIG. 2, operation space control logic 208 
may be considered, by one of ordinary skill in the art, as a 
20 control allocation logic wherein a set or vector of control 
variables given in one coordinate system (operation space) 
are mapped to a set or vector of control variables in a second 
coordinate system Goint space), which may be a coordinate 
(0.11) 25 
system having the same dimension or a greater dimension 
than the dimension of the input coordinates. In the present 
example, a two-dimensional Cartesian space is mapped to a 
In (0.8) gravity terms have been omitted for manipulator 
operation in a plane perpendicular to a gravity field. Gravity 
terms could be added if necessary in another instantiation. 
The relationship between linear acceleration of the 
manipulator in the operation space and angular acceleration 
in the joint space is 
two-dimensional joint space. 
Referring again to (0.17), the matrix Mx(q)=[J(q)M- 1(q) 
J(qfr1 must be computed at each sampling instant of the 
30 manipulator control system so that a vector of control 
torques 209 can be determined. In order to compute matrix, 
Mx(q), the inverse of matrix product J(q)M- 1(q)J(qf must 
exist (i.e. J(q)M- 1(q)J(q)r must be invertible). Note that for 
:X=jq+Jij (0.12) 35 
redundant manipulators, with more degrees of freedom than 
the degrees of freedom of the task space (e.g. a three-link 
planar robot operating in a Cartesian plane), a Pseudoinverse 
Substituting (0.7) and (0.8) in (0.12) gives 




is typically used to compute [J(q)M- 1(q)J(qfr 1 in the 
operation space control logic 208. 
Ignoring the second-term (due to complexity of modeling) 40 
One fundamental challenge associated with operation 
space control as described herein is the fact that the rows of 
the Jacobian J(q) may lose rank (become singular) so that 
J(q)M- 1(q)J(q)r cannot be inverted. In this case, it is not 
possible to compute a control vector in the joint space that 
produces the necessary operation space forces. A two-link 
gives 
(0.14) 
leading to the following definition of an operation space 
inertia matrix 
Mx(q)=[J(q)lf 1(q)J(q)rr 1 
that provides 
(0.15) 
45 planar manipulator has a singular Jacobian when 82=0 and 
when 82=Jt. In these cases, the two links of the manipulator 
are co-linear and forces cannot be produced in the degen-
erate direction. This implies that there is no combination of 
(0.16) 50 
joint torques, i:8 , that can produce the desired force vector, 
Fx. 
Referring now to (0.7) an exemplary operational space 
control signal may be written in the joint space as 
(0.17) 
A block diagram of an associated control system for 
implementing operation space control of a robotic manipu-
lator is given in FIG. 2. The operation of such a control 
system is now described. A desired operation space trajec-
tory, xdesCt) , is input at 201 and the actual position of a robot 
is provided at 202, as determined by a set of equations 
describing the manipulator kinematics at 204 that take one 
or more of the robot joint angles (q), joint angle rates (q), or 
joint angle accelerations (ii) at 205 as functional inputs. An 
error signal is computed and results at 203 at a particular 
sample rate based on the instantaneous value of the input at 
201 and the actual position at 202. The error signal at 203 is 
processed by a compensator 206 (in this example a simple 
One approach for circumventing the matrix inversion 
problem is to detect the potential for singularities by iden-
tifying degenerate directions and setting the commended 
force in those directions equal to zero. Generally, this is 
55 accomplished by first finding the singular-value decompo-
sition (SYD) of [Mx(q)]- 1=J(q)M- 1(q)J(qf=YSUr where S 
is a diagonal matrix of singular values. The operation space 
inertia matrix is obtained from the SYD computation as 
Mx(q)=Ys- 1ur. As part of this process, S must be inverted. 
60 Since S is a diagonal matrix, its inverse is found simply by 
taking the reciprocal of the diagonal elements. When the 
Jacobian matrix approaches singularity (i.e. when joint angle 
82 becomes close to 0 or it), some of the values of S will 
become very small. Therefore, any values of S that are very 
65 small, will have reciprocals that are very large leading to 
undesirable control actions. To mitigate this, any elements of 
matrix S that are smaller than a given threshold, sthresh' are 
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identified and the corresponding reciprocal set to zero as 
described in the following pseudocode: 
1: inputs: q, sthresh 
2: outputs: Mx(q) 
3: 
4: Mx- 1(q) ~ J(q)M(q)J(q)T 
5: [U, S, VJ ~ svd(Mx-1(q)) 
6: for each s in S do 
7: ifs < sthresh then 
8: s ~ 0 
9: else 
10: s ~ 1/s 
11: Mx(q) ~ vsur 
12 
allows the manipulator to pass through the singular angle 
and complete the desired task. 
The time-histories of the resulting control torques are 
illustrated in FIG. 5 for the period 0-1 second of FIG. 4. 
5 Control torque for joint angle 81 is indicated as 535 and for 
joint angle 82 indicated as 536. Referring to FIG. 5, it is seen 
that when the manipulator operates near the singular region 
(around 0.35 seconds, generally indicated by ts), the values 
of the computed control torques can change sharply and 
10 suddenly. This can be recognized at FIG. 5 by the large 
change between 537 and 538 which occurs in the neighbor-
hood of ts. It is well known that sudden changes the control 
torque magnitudes can excite vibrational modes in the 
manipulator links. This can potentially reduce the accuracy 
15 of the robotic control system. In addition, suddenly changing 
the control torque command may be damaging to the joint 
actuators and should therefore be avoided where possible. It 
is therefore advantageous to develop methods that avoid 
To illustrate operation space control utilizing the above 
pseudocode and highlight the advantageous distinctions of 
the disclosed methodology, a computer simulation of a 
two-link planar mechanism was done using the above 
pseudocode and contrasted with the disclosed methodology. 
The objective was to move a manipulator end-effector from 20 
point P 
0 
=[0.5, 0.2f to a point Pf=[-0.4, -0.2f in the 
operation space. The control algorithm described above was 
implemented for a robot model having parameter values 
given below. 
sudden and sharp changes in the manipulator control 
torques. 
To illustrate the advantageous nature of the application of 
the method of the present disclosure, a second computer 
simulation was carried out wherein the previous control 
allocation scheme is replaced with the disclosed method. 






In brief, the parameters for the manipulator listed previously 
were used along with the dispersion parameter a 8 =10 
degrees, such that the plurality of distributed joint angles 





30 li.82 was -10, 0, and 10 degrees. Results of the simulation are 







1.5 kg* m 2 
0.8 kg* m 2 
Using the disclosed methodology, the motion of the robot 
manipulator links is depicted in FIG. 6 from point P 
0 
=[0.5, 
0.2f at 616 to point Pf=[-0.4, -0.2f at 617. A trace of the 
Kp 10 Nim 
Kv 3.16 Nim/sec 
sthresh 0.00075 
To provide contrast with the disclosed methodology, 
results of a computer simulation using the above algorithm 
are initially presented at FIGS. 3-5, and followed by results 
of a computer simulation using the disclosed methodology, 
presented at FIGS. 6-8. 
35 end-effector path from P 
0 
to Pf is indicated at 615 with 
selected end effector positions occurring along the transit 
indicated as circles, for example 618 and 619. For reference, 
link positions are indicated for positions 618 and 619 
respectively as 620 (first link) and 621 (second link), and 
At FIG. 3, the motion of the robot manipulator links is 
depicted (in a time-lapse format) where point P 
0 
=[0.5, 0.2]r 
is indicated at 316 and point Pf=[-0.4, -0.2]r is indicated at 
317. A trace of the end-effector path from P 
0 
to Pf is indicated 
40 622 (first link) and 623 (second link), with the first link 
coupled to foundation 612. Compared to FIG. 3, FIG. 6 
shows that the manipulator follows a different path than the 
path taken in the previous example, where the disclosed 
methodology was not employed. The change in the path of 
45 the end-effector is the result of the intentional perturbation 
of the values of the joint angles in the robust control 
allocation matrix, per the user-selected value of dispersion 
parameter, 0 8 . In effect the new control allocation scheme 
causes the robot joint angles to be steered differently, which 
at 315. Selected end effector positions occurring along the 
transit are additionally indicated as circles, for example at 
318 and 319. For reference, link positions are indicated for 
positions 318 and 319 respectively as 320 (first link) and 321 
(second link), and 322 (first link) and 323 (second link), with 
the first link coupled to foundation 312. FIG. 3 shows that 
the manipulator slightly overshoots the desired position 
before settling at the target location. Such overshooting is a 55 
characteristic of the control algorithm implemented. 
50 influences the path of the end effector 615 through the 
The time-histories of the joint angles corresponding to the 
robot motion are shown in FIG. 4, with joint angle 81 
indicated as 425 and joint angle 82 indicated as 426. FIG. 4 
also shows the angle where the Jacobian becomes singular 60 
at 427. Referring to FIG. 4, the joint angle 82 passes through 
180-degrees at approximately 0.35 seconds, indicated at 
FIG. 4 as ts. At the instant 82 =180 degrees, the Jacobian used 
in the control allocation computation becomes singular. 
However, by identifying degenerate directions according to 65 
the control algorithm above, it is possible to compute a 
control torque vector (for example at 209 of FIG. 2) that 
operation space. 
The time-histories of the joint angles corresponding to the 
robot motion under the disclosed methodology are shown in 
FIG. 7, with joint angle 81 indicated as 725 and joint angle 
82 indicated as 726. FIG. 7 also shows the angle where the 
Jacobian becomes singular at 727. As in the previous simu-
lation, the Jacobian becomes singular at approximately 0.35 
seconds when 82 =180 degrees but by using the disclosed 
control allocation scheme, the target position can be reached 
through the application of finite control torques. 
The time-histories of the resulting control torques gener-
ated by the disclosed control methodology are illustrated in 
FIG. 8 for the period 0-1 second of FIG. 7. Control torque 
for joint angle 81 is indicated as 835 and for joint angle 82 
indicated as 836. Referring to FIG. 8, it is evident that the 
control torque profiles differ in their appearance as com-
pared to the prior control torques of FIG. 5. In particular, it 
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is observed that the overall torque magnitude in the singular 
region around time ts has been reduced and that there are no 
sharp changes in the control torques (compare 837 and 838 
of FIG. 8 with 537 and 538 of FIG. 5). Using the disclosed 
methodology, the smooth changes in the control torques will 5 
not excite vibrational modes, and sudden changes in the 
control torque commands are avoided. 
Additional and specific details regarding an implementa-
tion of the disclosed control system and methodology are 
provided as follows: 10 
An instantiation of the method of the present invention 
applied to solving the operation space control allocation 
problem in the framework of unscented optimization is now 
disclosed. Making use of the matrix identity, (ABt1=B- 1A-
1, equation (0.17) is first rearranged as follows: 15 
ide,=Mx(q)-1J[(q)Tr1i:s=J(q)M(q)-1<s (0.18) 
In (0.18), the control allocation matrix is W(q)=J(q)M 
(q)- 1 , which may be decomposed and inverted similarly to 
matrix Mx(q) in (0.15). However, because J(q) is still present 20 
in W(q), the possibility of a matrix singularity persists. 
Recalling that J(q) becomes singular when 82=0 or 82=Jt, a 
new approach for solving the control allocation problem is 
to perturb the value of joint angle 82 used in joint space 
vector q=[8v 82]r using unscented sigma points or similar 25 
points prior to constructing and inverting the allocation 
matrix, W(q). 
For example, one non-limiting set of sigma points that 
may be used is x=[-1, 0, +1] together with the associated 
sigma point weights, w=[ 1h, 0, 1h]. These points represent 30 
the first and second order moments of a statistical (uncer-
tain) distribution having mean µ=O and standard deviation, 
a=l. 
In order to perturb the joint space vector in this example, 
the sigma points are transformed via a standard affine 35 
transformation) as follows: 
(0.19) 
where 0 8 represents the standard deviation of the pertur-
bation of the transformed sigma points about the true value 40 





W(81 ' 82·2) = 0.0874 -0.2453 
[ 
0.1507 -0.4486 l 
W(81 ' 82·3) = 0.0891 -0.1953 
Inverting (0.23), (0.24), and (0.25) gives 
w- 8 e -1 [ 27.55 -37.27 l 
( 1 ' 2' 1) - 8.14 -14.45 
1 [-18.50 42.50 l 
w- (81, 02,3) = -8.44 14.27 
from which 
-1 .. [-54.1 l 
Te,! = w (81, 82,I)Xd_, = -10.3 (Nm) 
-1 .. [ 7.43 l 









Clearly only the solutions "t8 1 and "t8 1 represent reason-
able choices for the control torq~es. Applying "t8 1 to control 
the manipulator gives ' 
(0.32) 
whereas application of i:8 ,3 to control the manipulator 
gives 
[J(q)M(q)-1]TV-1(81' E>2,1)ide,=[-3.31, -2.60f=ide, (0.33) 
While the control torque vectors given by (0.29) or (0.31) 
could be applied to control the robot, it is not immediately 
apparent what the best choice is. 
By the method of the present disclosure, we may now 
by an operator of a robot to reduce the risk of encountering 
singular control allocations. Substituting the computed 
sigma points given in (0.19) into the control allocation 
matrix W(q) gives the following: 
(0.20) 
45 
construct an unscented optimization problem with the goal 
of minimizing the risk of encountering a singular control 
allocation (viz. a robust solution to the control allocation 
problem) as follows. 
(0.21) 
w(81, E>2,3)=J(81, E>2,3)M-1(81, E>2,3) (0.22) 5o 
In principle, any of w(8 1 , 8 2 1), w(8 1 , 8 2 2), or w(8 1 , 
8 2 3 ) may be inverted to provide ~control torqi'.ie vector, i:8 , 
gi~en xdes· However, since the inverse mapping may not be 
one to one, it is possible that [J(q)M(qt 1 ]W-1 (8v 8 2 ,),.xdes 55 
as commanded. · 
To illustrate this point, consider the case where 81 =-60 
degrees and 82=180 degrees with xdes=[-4.20, -l.65]r. 
Assuming for the purpose of the present disclosure that 
a 8 =10 degrees is selected, and using the robot model param- 60 
eters utilized for the pervious example, the control allocation 
matrices are 
Let A(p) be an nxm uncertain matrix parameterized by 
pEsupp(p ). In the present application, A(p )=W( q) where 
q=[8v 8 2]r with 8 2=82+i'l8 defined to mean the perturbed 
value of joint angle 82 where the perturbation, i'l8 , is mod-
eled as an uncertain parameter having an arbitrary cumula-
tive joint density function, c, the latter having support, 
supp(ll8 ), as selected by an operator of the disclosed process. 
The objective is to solve a robust control allocation problem 
A(p )x=b for all values of the parameters in the support of p. 
One non-limiting solution to a robust control allocation is 
given as 
Minimize f0.5(z(p)Tz(p))d C (p) 
supp(p) 
Subject to A(p)x-b=z(p) (0.34) 
[ 
0.1525 -0.3934 l 
W(81 ' 82·1) = 0.0859 -0.2908 
(0.
23J 65 Where, in (0.34), the variables z(p) can be interpreted as 
residual variables so that the solution to (0.34) minimizes the 
2-norm, llA(p )x-blb. 
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The solution to problem (0.34), which may be effected by 
any approach selected by a user of the present disclosure, 
yields i:8 *=[-23.33, 0.78]r (Nm) which admits the following 
minimum norm solution [J(q)M(qr1Ji:8 *=[-3.86, -2.23] 
r,,,xdes· To illustrate one non-limiting solution approach, 
problem (0.34) may be discretized-using the concept of 
Sigma points or similar sample points-as follows: 
Minimize 
Subject to 
N T °I\"' Z;(X;) Z;(X;) 
UWi-~2--
i=l 
w1(A 1x-b-zi) =0 
w2(A2x-b-z2) = 0 
(0.35) 







Substituting A,x-b=A., into (0.38) leads to 
(w1A/A1+w2A2TA2+ . .. +wNANTAN)x=w1A/b+ 
W2A2Tb+ . .. +wNANTb 
(0.38) 
(0.39) 
which may be solved for the unknown vector x. The 
solution of (0.39) is a robust allocation of a control vector b 
given in a m-dimensional space to a control vector x given 
in an n-dimensional space. 
Note that in the sense of the limit, (0.39) implies 
(L 
AT(p)A(p)dC(p)a)x = L AT(p)bdC(p) 
supp(p) supp(p) 
(0.40) 
so that a solution for robust control allocation is given as 
(0.41) 
(0.36) 25 
XmbuM =(L AT(p)A(p)dC(p))-!(L AT(p)dC(p))b 
supp(p) supp(p) 







must be solved. 
IS 





- = WiZi - Willi = Q az; 





It may be further observed that in light of (0.41), the 
solution to problem (0.34) can be interpreted as finding a left 
30 matrix inverse, i.e. whereinA1eft-
1=(ArAr1Ar wherein A is 
the matrix concatenation A=[w1A11w2A2 1 ... lwNAN]r. 
Thus, a simple non-limiting algorithm for solving a manipu-
lator operation space control allocation problem can be 




1: inputs: q, xdes' 09, x, w 
2: outputs: L8* 
3: 
4:A~O 
5: b ~ 0 
6: i~ 1 
7: 
8: for each)( in)( do 
9: e ~ q + a0x 
10: A~ concatenate [A; w;I(8)M- 1(8)] 
11: b -<--- concatenate [b; WiXdesJ 
12: i ~ i + 1 
13: 
14:A1eft-1 = (ATA-!)AT 
15: Ls*= Azeft-1 b 
50 For the exemplary robotics control problem described 
herein, application of Algorithm 2 yields the following 
intermediate calculations when q=[81, 82]r with 81=-60 
degrees and 82 =180 degrees and With Xdes=[-4.20, -l.65]T 
and assuming that a 8 =10 degrees and with exemplary Sigma 
55 







1;01 7r [ 0 l [-1.0472] 0 
= 180__.:'.._ + 
10
180 1 = 3.3161 
180 
A = ~ [ 0.1525 -0.3934 l 
2 0.0859 -0.2908 
b = ~[-4.20 l 
2 -1.65 
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For i=2: 
-60 180 7r 0 -1.0472 
r 
7r 1 0
= 180__.:'.._ +l018o[o]=[ 3.1416 l 
180 
A= 
~ [ 0.1525 -0.3934 l 













- 180__.:'.._ 180 [ _1 ]- [ 2.9671 l 
180 
~ [ 0.1525 -0.3934 l 
2 0.0859 -0.2908 
A= o[0.1513 -0.4249] 
0.0874 -0.2453 
~ [ 0.1507 -0.4486 l 
2 0.0891 -0.1953 
~[-4.20 l 
2 -1.65 




The associated left matrix inverse is 
-l T -1 T [ 27.5523 -37.2703 0 0 -18.5008 42.4861 l 
A,_f, =(A A) A = 8.1384 -14.4472 0 0 -8.4424 14.2717 
so that 
A_1 b-[27.5523 -37.2703 0 0 -18.5008 42.4861 l 










To illustrate the advantageous nature of the application of 
the method of the present invention to an operation space 
18 
control problem in robotics, the second computer simulation 
illustrated at FIGS. 6-8 was carried out using the disclosed 
method. The parameters for the manipulator listed previ-
ously were used along with the dispersion parameter a 8 =10 
5 degrees. As previously noted, the motion of the robot 
manipulator links using the new control allocation algorithm 
is depicted (in a time-lapse format) in FIG. 6 along with a 
trace of the end-effector path as 615 (dashed line). FIG. 6 
shows that the manipulator follows a different path than the 
10 path taken using the typically and currently used method-
ology. The change in the path of the end-effector is the result 
of the intentional perturbation of the values of the joint 
angles in the robust control allocation matrix, per the user-
selected value of dispersion parameter, 0 8 . In effect the new 
15 control allocation scheme causes the robot joint angles to be 
steered differently through the operation space. The time-
histories of the joint angles corresponding to the robot 
motion are shown in FIG. 7. FIG. 7 shows the angle where 
the Jacobian becomes singular (dash-dot line). As in the 
20 previous simulation conducted with a typically used meth-
odology, the Jacobian becomes singular at 727 at approxi-
mately 0.35 seconds when 82=180 degrees but by using the 
new control allocation scheme disclosed here, the target 
position can be reached through the application of finite 
25 control torques. The time-histories of the control torques are 
shown in FIG. 8. Comparing FIG. 8 and FIG. 5, it is evident 
that the control torque profiles differ in their appearance as 
compared to typically utilized methodologies. In particular, 
it is observed that the overall torque magnitude in the 
30 singular region has been reduced and that there are no sharp 
changes in the control torques (compare 537 to 538 with 837 
to 838). In this sense, the control torques determined by the 
method of the present invention are better suited for implan-
tation: (i) the smooth changes in the control torques will not 
35 excite vibrational modes, and (ii) sudden changes in the 
control torque commands (which may be damaging to the 
manipulator actuators) are avoided. It is evident from the 
simulation results that the application of the method for 
unscented optimization disclosed herein can be applied 
40 advantageously to an exemplary problem in the field of 




Application to Solving Uncertain Optimization 
Problems and Chance Constrained Programming 
Problems 
A generic chance-constrained programming problem is 
typically posed as a problem (C): 
Minimize Y(x) 
x 
Subject to: Pr{c(x,p),;O};d-r 
Where p is an uncertain parameter with support supp(p) 
and rE[0,1] is a given number called the risk level. The risk 
60 level, r, is connected to the reliability level, R, by the simple 
equation: r+R=l. 
Chance-constrained programming is part of a broader 
class of stochastic programming problems that have been 
widely studied in operations research since the 1950s. Only 
65 in recent years has this problem made its entry in engineer-
ing applications. A major challenge in solving Problem C is 
the computation of the function: Y(x): =Pr{ c(x, p )sO}. If 
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y(x) were to be easily computable, then problem C is the 
simple scalar-constrained problem, 
XERNx 
Minimize Y(x) 
Subject to: y(x);,R 
20 
Replace constraint c(x, p) with a new set of constraints 
c1(x, P1), c2(x, P2), ... , cn(x, Pn) using the sigma points 
from step 1 as deterministic parameter values. In an exem-
plary problem, n=3 sigma points are used giving: 
In other words, the difficulty associated with problem C is 
largely in the formulation of the problem; i.e., the compu- 10 
tation of y(x). 
c1(x, P1) =xi +x~ -Pf" 0 
[c(x, p) =xi +x~ - p2 "0]--+ c2(x, P2) =xi +x~ -P, "0 
c3(x, ?3) =xi+ x~ - ?';, ,; 0 
The unscented transform, introduced by Julier et al, is a 
computationally simple method for transforming a given 
mean µPER Np and covariance ~PER NpxNp. The transform 
has been applied primarily for nonlinear filtering and esti- 15 
mation in the form of an unscented Kalman filter. The basic 
idea behind the unscented transform is to replace the distri-





ER, j=l, ... , nJ called sigma points, 
such that their (weighted) "discrete" mean and covariance 20 
are match perfectly to µP and ~P respectively. In porting this 
elegant concept from Kalman filtering to optimization, we 
define unscented optimization as the problem where the 
probabilistic constraints are imposed in a deterministic man-
Rewrite the original optimization problem E(p) by replac-
ing the original constraints with the new set of constraints 
determined previously. This new problem is referred to as an 
unscented transcription of problem E(p ). The new unscented 
optimization problem Eu is given for the present example as: 
j 
Minimize Y(x) := x1 + x2 
Subj:ct to c(x pi):= x21 + x
2
2 - P.1 ,; 0 (Eu) , 
c(x, P2) :=xi+ x~ - P, "0 




Subject to: c(x, P1),;0 
The resulting solution xu, called the unscented solution, is 
used to determine a risk level, r, or a reliability level, R, a 
posteriori. 
Solve the unscented problem using standard optimization 
techniques. The solution to the exemplary unscented opti-
30 mization problem Eu is x1=x2=-1.1314. Using the new 
solution, the constraint function is given as x/+x/-
p2=2.56-p2s0. 
The a posteriori risk, r, may be evaluated by any suitable 
means, for example Monte Carlo analysis. In the case of the 
35 exemplary problem Eu, it can be shown that Pr{c(x1=-
1.1314, x2=-1.1314, p)<=0}=0.84. The solution to the 
unscented problem 
therefore has a risk of (1-0.84)*100%=16% whereas the 
solution to the "nominal" problem wherein the nominal 
40 value for p, for example p 
0 
=µP =2 was selected to give the 
solution where xl=x2=-1.414 has a risk of 50%. 
Let E(p) be an exemplary uncertain parameterized opti-
mization problem for the non-limiting case of an uncertain 
parameterized optimization problem having a single uncer-
tain parameter p-N(2.0, 0.42) where notation N(a, b2) 45 
implies that the distribution of p is Normal (Gaussian) with 
The mechanism for the improvement in the reliability 
(viz. reduction in risk) of the solution to the exemplary 
unscented optimization problem is illustrated in FIG. 9, 
which shows the space of the decision variables, x1 and x2. 
In FIG. 9, the circle 901 centered on the origin 902 repre-
a mean, µP =a, and standard deviation, aP =b. The exemplary 
problem E(p) is written as 
(E(p)){ Min~rnize Y(x) := x1 + x2 
Subject to c(x, p) :=xi+ x~ - p2 ,; 0 
Using standard optimization techniques, problem E(p) is 
solved by selecting a nominal value for p, for example 
p
0 
=µ =2. Solving E(p
0
) gives x1 =x2=-2 IY2 and Pr{ c(x, 
p)s0}=0.5. That is, the exemplary constraint x/+x/-p2s0 
of problem E(p) will be violated 50% of the time over the 
support of p leading to a risk level of r=0.5. 
The following may be performed for obtaining a "less 
risky" solution: 
Obtain the sigma points for the uncertain parameters. For 
p-N(2.0, 0.42) as described above, Julier's spherical simplex 
method gives, P1=1.6, P2=2, P3 =2.4. 
sents the constraint set for the Problem E(p) for the nominal 
value for p, in this case p
0 
=µP =2. Also shown in FIG. 9 are 
lines of constant cost (e.g. Nominal cost, Unscented cost) 
50 and the direction of increasing cost (Increasing cost) in the 
space of decision variables. The nominal solution (x1°, 
x2 °)=( -1.414, -1.414 ), is on the boundary of the constraint 
set which coincides with the Line of constant cost associated 
with the minimum cost for the nominal solution, that is, 
55 Y(x)=-2.83. In FIG. 9, another solution point 903 is also 
shown that corresponds to the unscented solution (x1 u, 
x2 u)=(-1.1314, -1.1314). Referring to FIG. 9, it is seen that 
the unscented solution lies within the boundary of the 
constraint set and away from the constraint boundary so that 
60 the risk of violating the constraint boundary is reduced. The 
cost of the unscented solution, Y(x)=-2.26, is slightly larger 
than the cost for the nominal case, Y(x)=-2.83. The increase 
in cost is interpreted as the "price to be paid" for the risk 
reduction (enhanced reliability) associated with the 
65 unscented solution. The zero-risk solution is admitted when 
the optimal point is at the origin 902 giving Y(x)=O. In this 
case, r=O% or equivalently R=100%. 
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In the case of the robotic arm controller presented here, an 
abstraction of the constraint boundary 902 of FIG. 9 can be 
interpreted as the boundary of the constraint set for which 
the robot manipulator Jacobian becomes singular. Thus, by 
constructing and solving an appropriate version of an 
unscented optimization problem, it is possible to obtain a 
solution that moves the optimal point away from the con-
straint boundary. In the context of the robotic arm controller 
presented here, moving the optimal point away from the 
10 constraint boundary implies that the control parameter x 
determined by the robotic arm controller will lie within the 
boundary of the constraint set and hence reduce the risk of 
encountering a singular solution. As a result a control 
allocation that is robust to singularities will be achieved. The 
15 
attendant increase in cost, associated with the robust control 
allocation, is the error in the solution to Ax=b as measured 
by an appropriate error function. 
Thus, the disclosed robotic arm controller presented here 
is an example of an uncertain parameterized optimization 20 
problem as described in the preceding paragraphs. Further-
more, the solution to an uncertain parameterized optimiza-
tion problem provides a robotic arm controller which deter-
mines a control parameter x for moving an end effector of a 
robotic arm from an initial point to a subsequent point. The 25 
control parameter x is determined by a novel methodology 
of utilizing a control equation having the general form Ax=b 
and evaluation of a feedback equation, where the solution to 
the control equation is located by perturbing at least one 
joint angle appearing in the Jacobian of the robotic arm to 30 
generate a plurality of distributed joint angles. The meth-
odology disclosed then determines the control parameter x 
by determining a value for the control parameter x which 
minimizes an error function, where the error function com-
prises each error generated by each joint angle in the 35 
selected plurality of distributed joint angles. In a particular 
embodiment, the error function is sum of residual squares, 
and the appropriate control parameter x is determined by 
minimizing the error function subject to a series of con-
straints A,x-b-z,=O, where each constraint arises by virtue 40 
of the error generated through use of a given joint angle in 
the plurality of distributed joint angles selected. 
It is to be understood that the above-described arrange-
ments are only illustrative of the application of the principles 
of the present invention and it is not intended to be exhaus- 45 
tive or limit the invention to the precise form disclosed. 
Numerous modifications and alternative arrangements may 
be devised by those skilled in the art in light of the above 
teachings without departing from the spirit and scope of the 
present invention. It is intended that the scope of the 50 
invention be defined by the claims appended hereto. 
In addition, the previously described versions of the 
present invention have many advantages, including but not 
limited to those described above. However, the invention 
does not require that all advantages and aspects be incor- 55 
porated into every embodiment of the present invention. 
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where the group of sensors provides one or more 
signals describing at least one joint angle established by 
the robotic arm; 
a group of actuators attached to the robotic arm where the 
group of actuators comprises one or more actuators and 
where the group of actuators is configured to generate 
motion of the at least one link comprising the robotic 
arm; and 
a processor in communication with the group of sensors 
and the group of actuators and configured to perform 
steps comprising: 
communicating with the group of sensors and determining 
an actual position, where the actual position is a posi-
tion of the end effector at a given time t; 
determining a desired position, where the desired position 
is a prescribed position of the end effector at the given 
time t; 
evaluating a feedback equation for the end effector, where 
the feedback equation comprises the desired position 
and the actual position of the end effector and deter-
mining an end effector parameter b using the feedback 
equation, where the end effector parameter b describes 
a condition at the end effector of the robotic arm; 
determining a prospective control parameter x for at least 
one actuator in the group of actuators by using a 
transformation matrix A
0 
and the end effector param-
eter b, where the transformation matrix A
0 
comprises at 
least one parameter having a value dependent on the 
value of the at least one joint angle established by the 
robotic arm, by performing steps comprising: 
selecting a plurality of distributed joint angles; and 
minimizing an error function, where the error function 
comprises a plurality of errors, and where a quantity of 
errors in the plurality of errors is equal to a quantity of 
joint angles in the plurality of distributed joint angles, 
and where each error in the plurality of errors corre-
sponds to a specific joint angle in the plurality of 
distributed joint angles, where the each error comprises 
a specific transformation matrix A,, the prospective 
control parameter x, and the end effector parameter b, 
where the specific transformation matrix A, is the 
transformation matrix A
0 
when the specific joint angle 
is utilized as the at least one joint angle, thereby 
determining the prospective control parameter x; and 
communicating the prospective control parameter x to the 
at least one actuator in the group of actuators; 
and controlling the at least one actuator in the group of 
actuators using the prospective control parameter x. 
2. The control system of claim 1 where the at least one 
link comprising the robotic arm establishes the at least one 
joint angle in a joint space and where the desired position of 
the end effector is referenced to a coordinate system in a task 
space, and where the transformation matrix A
0 
comprises a 
manipulator Jacobian comprising the at least one joint angle. 
3. The control system of claim 2 where an absolute value 
of the error function decreases as a summation of the 
individual errors comprising the error function decreases. All publications and patent documents cited in this appli-
cation are incorporated by reference in their entirety for all 
purposes to the same extent as if each individual publication 
or patent document were so individually denoted. 
4. The control system of claim 3 where the each error 
comprises the specific transformation matrix A, multiplied 
60 by the prospective control parameter x and minus the end 
effector parameter b. 
What is claimed is: 
1. A control system for a robotic arm comprising: 
a robotic arm comprising at least one link and comprising 
an end effector; 
a group of sensors attached to the robotic arm where the 
group of sensors comprises one or more sensors and 
5. The control system of claim 1 where the processor is 
additionally configured to perform steps comprising com-
municating with the group of sensors and determining an 
65 actual joint angle, where the actual joint angle is the at least 
one joint angle established by the robotic arm at the given 
time t, and where the actual joint angle defines a probability 
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function (µ, o 2 ), where the µis the actual joint angle and the 
o is less than or equal to 10 degrees, and where each specific 
joint angle in the plurality of distributed joint angles satisfies 
a relationship 0.8s8/8Msl .2, where the 8 is the each specific 
joint angle in the plurality of distributed joint angles and the 
BM is an angle on the probability function(µ, o 2). 
24 
6. The control system of claim 5 where the 8 Mis a single 
angle in a plurality of 8M where a quantity of 8M in the 
plurality of 8M is equal to the quantity of distributed joint 
angles in the plurality of distributed joint angles, and where 10 
each 8M is a sigma point of the probability function(µ, o 2 ). 
selecting a plurality of distributed joint angles; and 
minimizing an error function, where the error function 
comprises a plurality of errors, and where a quantity of 
errors in the plurality of errors is equal to a quantity of 
joint angles in the plurality of distributed joint angles, 
and where each error in the plurality of errors corre-
sponds to a specific joint angle in the plurality of 
distributed joint angles, where the each error comprises 
a specific transformation matrix A,, the prospective 
control parameter x, and the end effector parameter b, 
where the specific transformation matrix A,, is the 
transformation matrix A
0 
when the specific joint angle 
is utilized as the at least one joint angle, thereby 
7. The control system of claim 6 where the each error is 
equal to a z, and where A,x-b=z,, where A, is the specific 
transformation matrix when the specific joint angle corre-
sponding to the each error is utilized as the at least one joint 15 
angle, and where x is the prospective control parameter x, 
and where b is the end effector parameter b, such that the 
error function is minimized subject to A,x-b=z, for every 
error in the plurality of errors. 
determining the prospective control parameter x; and 
communicating the prospective control parameter x to the 
at least one actuator in the group of actuators; 
and controlling the at least one actuator inthe group of 
actuators using the prospective control parameter x. 
8. The control system of claim 7 where the error function 20 
is a residual sum of squares of every error in the plurality of 
12. The computer implemented method of claim 11 where 
the at least one link comprising the robotic arm establishes 
the at least one joint angle in a joint space and where the 
desired position of the end effector is referenced to a 
coordinate system in a task space, and where the transfor-
errors. 
9. The control system of claim 1 where the plurality of 
links comprising the robotic arm establishes a plurality of 
joint angles in a joint space and where the desired position 
of the end effector is referenced to a coordinate system in a 
task space, and where the transformation matrix A comprises 
a manipulator Jacobian comprising the plurality of joint 
angles. 
10. The control system of claim 9 where the transforma-
tion matrix A
0 
is a first matrix having a quantity of rows 
equal to an integer n and quantity of colunms equal to an 
integer m, the prospective control parameter x is a second 
matrix having a single colunm and a quantity of rows equal 
to the integer m, and the end effector parameter b is a third 
matrix having one colunm and the quantity of rows equal to 
the integer n. 
11. A computer implemented method of controlling a 
robotic arm comprising: 
receiving in a processor one or more signals describing at 
least one joint angle established by a robotic arm, 
where the robotic arm comprises at least one link and 
comprises an end effector, and where the robotic arm 
comprises a group of actuators attached to the robotic 
arm where the group of actuators comprises one or 
more actuators and where the group of actuators is 
configured to generate motion of the at least one link 
comprising the robotic arm; 
utilizing the one or more signals to determine an actual 
position of the end effector, where the actual position is 
a position of the end effector at a given time t; 
determining a desired position, where the desired position 
is a prescribed position of the end effector at the given 
time t; 
evaluating a feedback equation, where the feedback equa-
tion comprises the desired position and the actual 
position of the end effector and determining an end 
effector parameter b using the feedback equation, 
where the end effector parameter b describes a condi-
tion at the end effector of the robotic arm; 
25 mation matrix A
0 
comprises a manipulator Jacobian com-
prising the at least one joint angle. 
13. The computer implemented method of claim 12 where 
an absolute value of the error function decreases as a 
summation of the individual errors comprising the error 
30 function decreases. 
14. The computer implemented method of claim 13 
further comprising the processor communicating with a 
group of sensors comprising one or more sensors and 
35 
providing one or more signals describing the at least one 
joint angle established by the robotic arm, and the processor 
determining an actual joint angle, where the actual joint 
angle is the at least one joint angle established by the robotic 
arm at the given time t, and where the actual joint angle 
40 defines a probability function (µ, o
2
), where the µ is the 
actual joint angle and the o is less than or equal to 10 
degrees, and where each specific joint angle in the plurality 
of distributed joint angles satisfies a relationship 0.8s8/ 
8Msl.2, where the e is the each specific joint angle in the 
45 plurality of distributed joint angles and the 8 Mis an angle on 
the probability function (µ, a2). 
15. The computer implemented method of claim 14 where 
the 8 Mis a single angle in a plurality of 8 M where a quantity 
of 8M in the plurality of 8M is equal to the quantity of 
50 distributed joint angles in the plurality of distributed joint 
angles, and where each 8Mis a sigma point of the probability 
function (µ, 0 2). 
16. The computer implemented method of claim 14 where 
the each error comprises the specific transformation matrix 
55 A, multiplied by the prospective control parameter x and 
minus the end effector parameter b. 
60 
17. A control system for a robotic arm comprising: 
a robotic arm comprising at least one link and comprising 
an end effector; 
determining a prospective control parameter x for at least 
one actuator in the group of actuators by using a 
transformation matrix A
0 
and the end effector param-
eter b, where the transformation matrix A
0 
comprises at 
least one parameter having a value dependent on the 65 
value of the at least one joint angle established by the 
robotic arm, by performing steps comprising: 
a group of sensors attached to the robotic arm where the 
group of sensors comprises one or more sensors and 
where the group of sensors provides one or more 
signals describing at least one joint angle established by 
the robotic arm, where the one or more signals is 
referenced to a coordinate system in a joint space; 
a group of actuators attached to the robotic arm where the 
group of actuators comprises one or more actuators and 
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where the group of actuators is configured to generate 
motion of the at least one link comprising the robotic 
arm; and 
a processor in communication with the group of sensors 
and the group of actuators and configured to perform 
steps comprising: 
communicating with the group of sensors and determining 
an actual position, where the actual position is a posi-
tion of the end effector at a given time t; 
determining a desired position, where the desired position 10 
i~ a prescribed position of the end effector at the given 
time t, where the desired position of the end effector is 
refer~nced to a coordinate system in a task space; 
evaluatmg a feedback equation for the end effector, where 
the feedback equation comprises the desired position 15 
and the actual position of the end effector and deter-
mining an end effector parameter b using the feedback 
equation, where the end effector parameter b describes 
a condition at the end effector of the robotic arm· 
determining a prospective control parameter x in the' task 20 
space for at least one actuator in the group of actuators 
by using a transformation matrix A and the end effec-
tor parameter b, where the transf;rmation matrix A 
comprises a manipulator Jacobian comprising the at 
least one joint angle in the j oint space, by performing 25 
steps comprising: 
communicating with the group of sensors and determining 
an actual joint angle, where the actual joint angle is the 
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minimizing an error function, where the error function 
comp~ses a plurali.ty of errors, and where a quantity of 
~r:ors m the plurality of errors is equal to a quantity of 
JOmt angles m the plurality of distributed joint angles, 
and where each error in the plurality of errors corre-
sponds to a specific joint angle in the plurality of 
distributed joint angles, where the each error comprises 
a specific transformation matrix A,, the prospective 
control parameter x, and the end effector parameter b, 
where the specific transformation matrix A is the 
~rans~~rmation matrix A
0 
when the specific joi~t angle 
1s ut1hzed as the at least one joint angle, where an 
absolute value of the error function decreases as a 
summation of the each individual errors in the plurality 
of errors comprising the error function decreases and 
where the end effector parameter b is referenced i~ the 
task space, thereby determining the prospective control 
parameter x in the task space; and 
communicating the prospective control parameter x to the 
at least one actuator in the group of actuators; 
and controlling the at least one actuator in the group of 
actuators using the prospective control parameter x. 
18. The control system of claim 17 where the 8 is a 
single angle in a plurality of 8 M where a quantity of 8 in the 
plurali~ of 8M is equal to the quantity of distribut~ joint 
angles m the plurality of distributed joint angles, and where 
each 8M is a sigma point of the probability function(µ, a2 ). 
19. The control system of claim 18 where the each error 
is equal to a z, and where A,x-b=z,, where A, is the specific at least one joint angle established by the robotic arm 
at the given time t; 
defining a probability function (µ, a2), where the µis the 
actual joint angle and the a is less than or equal to 1 O 
degrees; 
selecting a plurality of distributed joint angles where each 
specific joint angle in the plurality of distributed joint 35 
angles satisfies a relationship 0.8s8/8Msl.2, where the 
30 transformation matrix when the specific joint angle corre-
sponding to the each error is utilized as the at least one joint 
angle, and w~ere x is the prospective control parameter x, 
and where b 1s the end effector parameter b, such that the 
error function is minimized subject to Ax-b=z for every 
error in the plurality of errors. ' ' 
8 is the each specific joint angle in the plurality of 
distributed joint angles and the 8M is an angle on the 
probability function (µ, a2); and 
20. The control system of claim 19 where the error 
function is a residual sum of squares of every error in the 
plurality of errors. 
* * * * * 
